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Abstract
In this paper we use large cardinals to address some problems about generic continuity and generic
selection that occur in the study of fragmentability and differentiability in the context of Banach spaces.
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Recall that a Baire set in a topological space X is a subset that can be written as U M , where
U is an open subset of X and M is a meager subset of X (the union of countable many nowhere
dense subsets of X). This notion is usually investigated when X itself is a Baire space, i.e., it has
the property that the intersection of countably many dense-open subsets of X is dense in X. We
say that A is a universally Baire subset of X if for every topological space Y , or equivalently,
every Baire space Y and continuous mapping f :Y → X the preimage f−1(A) is a Baire subset
of Y . As shown in [5], this notion captures with a remarkable accuracy the regularity properties
shared by all analytic and co-analytic sets of reals. For example, universally Baire sets of reals
are always Lebesgue measurable, have the Ramsey property, and so on. Their theory is especially
enriched by the higher axioms of infinity. In fact, it was in the context of these new axioms that
the power of this notion was fully realized (see [5,16,32]).
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of universally Baire sets, a notion that it has not been fully explored before. Recall that a function
f from a topological space X into a topological space Y is said to be nowhere constant if f
is not constant on any nonempty open subset of X. We say that a subset A of a topological
space X is universally meager if for every Baire space Y and continuous nowhere constant map
f :Y → X the preimage f−1(A) is meager in Y. Note that a universally meager subset of X is
always universally Baire, so the notion of a universally meager set imposes at the same time a
regularity property as well as a smallness property very much reminiscent of the classical notion
of perfectly meager sets of reals (see [20]). Thus for example, having an uncountable universally
meager set of reals is a pathology that exceeds by far the pathologies of singular sets of reals
considered by Kuratowski and others a long time ago (see [20]). Indeed we show, using large
cardinals, that this sort of singularity is simply not present.
The principles of generic continuity and selection in the context of Banach spaces offer a
quite analogous ways of imposing regularities and one of the purposes of this paper is to expose
these analogies. So let us recall these principles and the original reasons for their study. The
first principle enters naturally when one studies the compatibilities between weak and norm
topologies in Banach spaces which in terms is motivated by differentiability and integrability
problems in this setting (see [3,4,12,22]). These compatibilities are precisely expressed in terms
of the notion of fragmentability. Recall thus that a topological space (X, τ) is fragmented by a
pseudo-metric ρ on X, if every nonempty subset A of X has a relative τ -open subset of arbitrarily
small ρ-diameter. If for every  > 0 we can find a countable partition X such that within each
piece every subset has a relative τ -open subset of ρ-diameter at most  then X is said to be
σ -fragmented by ρ. For example, it is known that every weakly compact subset K of a Banach
space E is fragmented by the norm (metric determined by the norm) a condition that is equivalent
to saying that the identity map (K,weak) → (K,norm) has a point of continuity on each weakly
closed subset A of K . More generally, if a topological space (X, τ) is σ -fragmented by a lower-
semicontinuous metric ρ then for every Baire space Y and every continuous map f :Y → (X, τ)
the corresponding map f :Y → (X,ρ) is continuous at each point of a dense Gδ-subset of Y .
When this happens one says that the topology τ and the metric ρ satisfy the Namioka generic
continuity principle. The famous theorem of Namioka [23] about separate versus joint continuity
of maps of the form f :Y × K → R can be restated as saying that the topology of pointwise
convergence on C(K) and its norm (metric determined by the norm) satisfy the generic continuity
principle relative to the class of complete metric spaces rather than the class of Baire spaces.
Another example where fragmentability shows up is the fact that the dual ball of a Banach space
E has its weak* topology fragmented by the norm if and only if every continuous convex function
ϕ :U → R defined on an open convex domain U ⊆ E is generically Fréchet differentiable, i.e.,
Fréchet differentiable at each point of a residual subset of U . Indeed, the method of imposing a
generic regularity property on a given Banach space has been quite fruitful in this area (see, for
example, [4]).
Another generic regularity property that we shall be able to say something about suggests itself
if one considers the subdifferential ∂ϕ(x) = {x∗ ∈ E∗: x∗(h) ϕ(x + h) − ϕ(x) for all h ∈ E}
of a given convex continuous map ϕ :U → R defined on a convex-open domain U in some
Banach space E. It is known that ϕ is Gâteaux differentiable at x when ∂ϕ(x) is a singleton.
Working from this observation one soon realizes that the generic Gâteaux differentiability of
ϕ :U → R can be reformulated as the existence of a residual subset G of U where the multi-
valued map ∂ϕ :U → (E∗,w∗) admits a continuous selector. The map ∂ϕ is a typical example
of what is called an upper semicontinuous (i.e., {x: ∂ϕ(x) ∩ F = ∅} is closed for all closed
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generic selector for every upper semi-continuous compact valued map from an arbitrary Baire
space into (E∗,w∗) one obtains the concept of generic selection that has been quite successful
in facilitating the study of Gâteaux differentiation of convex functions in Banach spaces (see,
for example, [4]). An acknowledged general phenomenon about this notion (see, e.g., [26]) is
that it is much easier to prove something about the class of Banach spaces satisfying the generic
selection requirement than to determine whether a particular space belongs to the class or not.
Similar phenomenon occurs in the study of universally Baire sets. Proving standard regularity
properties of this class is usually not that difficult but to prove even that a continuous image of
a co-analytic set belongs to this class involves a fundamentally new approach, the use of large
cardinal axioms (see [5]). It could be that the difficulties with the notion of generic continuity or
generic selection can be resolved in a similar manner.
We test this possibility on two problems, the first one about generic continuity versus
σ -fragmentability and the other about generic selection versus the fragmentability of the weak*
topology both of which have received a considerable attention in recent years (see, [3,4]). The
known results about these two problems point out to pathologies that can occur if one restricts
the universe of sets to a subuniverse which is not rich enough with Baire spaces to make the re-
quirements of generic continuity or generic selection take their full strength. This is again quite
analogous to Gödel’s discovery that in his constructible subuniverse the family of universally
Baire sets of reals is not closed under continuous images (see [10]). In fact, it was exactly this
pathology of universally Baire sets that has been used first by Namioka and Pol [24] and then by
Kenderov, Moors and Sciffer [17] to show, respectively, that in so small subuniverse there is no
enough Baire spaces to give us the conclusion of σ -fragmentability out of the generic continuity
requirement, or to give us the weak*-fragmentability out of the generic selection requirement.
We propose using large cardinals in constructing a rich spectrum of Baire spaces that would
take the full advantage of the restriction imposed by generic continuity or generic selection.
This is analogous to using large cardinals to show that universally Baire sets are projections of
weakly-homogeneous trees (see [31]), or using large cardinals (notably measurable cardinals) in
constructing Baire spaces in order to test Kuratowski’s problem about Baire-measurable maps
between metric spaces (see [8]). While we are going to use some ideas from both of these two
resources our task here is rather different. For example, we need to construct a Baire space that
connects to an object (topological space) which is not necessarily a definable set of reals like
those of [31] and an object that is of a relatively small size unlike the one of [8] which has
cardinality equal to a measurable cardinal.
Some of our specific results here are as follows. In Section 2 we show using compact car-
dinals that every universally meager metrizable space must be σ -discrete giving thus a positive
solution to problem (5) of Haydon [11]. In Section 3 we show using compact cardinals that if
the pointwise and the norm topologies of some function space C(K) satisfy the Namioka generic
continuity requirement then we have the following consequence of the norm-σ -fragmentability
of τp: Every subset A of C(K) contains well-ordered chains of relatively pointwise-open subsets
of every order type not exceeding the norm density of A. So, in particular, every pointwise hered-
itarily Lindelöf subspace of C(K) is norm-separable. This gives a partial answer to a question of
Namioka and Pol [24] (see also [22, p. 32]). Similarly, in Section 4, using compact cardinals, we
show that certain dual function spaces BVA[0,1] over the unit interval [0,1] have their weak*
topologies fragmented if and only if they allows generic selection for upper semicontinuous com-
pact valued maps from Baire spaces. All these results are achieved by applying a rather general
method where compact cardinals are used in showing that ‘condensed’ spaces are typically not
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valid in the context of large cardinals appears now as a new and interesting line of research.
A successful completion of this project could bring us close to showing that generic continu-
ity and selection do capture the fragmentability and differentiability questions in the context of
general Banach spaces.
1. A variety of Baire spaces
Effective uses of principles of generic continuity and selection are typically based on con-
structions of interesting Baire spaces which serve as their tests. In this section we present our
first construction of Baire spaces to be used in Section 4 to test a problem about generic differ-
entiability.
Fix a sufficiently large regular uncountable cardinal δ the exact order of magnitude of which
is to be determined later. We think of δ as the set of all ordinals < δ. In other words, γ = {α ∈
Ord: α < γ } for γ  δ. For x ⊆ δ we let x<ω = ⋃{xn: n < ω}, the collection of all finite
sequences of elements of x including the empty sequence ∅. Let [δ]<δ denote the collection of
all subsets of δ of size < δ. Let F(δ) denote the collection of all subsets S of [δ]<δ which depend
on a bounded set of coordinates in δ, or more precisely, for which there exist γ < δ such that for
all x, y ∈ [δ]<δ ,
x ∩ γ = y ∩ γ implies x ∈ S iff y ∈ S.
The minimal such γ < δ will be denoted by o(S). One example of a set from the field F(δ) is
obtained by taking an f :γf <ω → γf for some γf < δ and forming the set
Cf =
{
x ∈ [δ]<δ: f [(x ∩ γf )<ω]⊆ x}.
(Notation: f [(x ∩ γf )<ω] = {f (t): t ∈ (x ∩ γf )<ω}.) Note that given two such sets Cf and
Cg one can construct an h :γh<ω → γh where γh = max(γf , γg) such that Ch ⊆ Cf ∩ Cg . In
fact, a simple bookkeeping will transfer any sequence fi : (γi)<ω → γi (i < ω) into a single
f :γ<ω → γ, where γ = sup{γi : i < ω}, such that Cf ⊆ Cfi for all i < ω. More generally,
given a sequence (Cfξ : ξ < α) of length α < δ of sets of this form, their diagonal intersection
{
x ∈ [δ]<δ: (∀ξ ∈ x) x ∈ Cfξ
}
is also a set of this form as we can take f :γ<ω → γ, for γ equal to the maximum of α and
sup{γfξ : ξ < α}, by letting f (ξ0, ξ1, . . . , ξn−1) = fξ0(ξ1, . . . , ξn−1). Thus, the sets of the form
Cf generate a nontrivial σ -complete filter C(δ) of elements of the field F(δ). Let I(δ) be the
corresponding σ -ideal in F(δ), i.e., the ideal generated by subsets S of [δ]<δ for which there is
γ < δ and f :γ<ω → γ such that f [(x ∩ γ )<ω] ⊆ x for all x ∈ S. Note that while in general
this ideal is not more than σ -complete, it is closed under the dual operation to the operation of
diagonal intersection, the operation of taking diagonal unions,
{
x ∈ [δ]<δ: (∃ξ ∈ x ∩ α) x ∈ Nξ
}
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consider the corresponding quotient algebra
B(δ) =F(δ)/I(δ),
or more conveniently, the family S(δ) = F(δ) \ I(δ). We shall consider S(δ) ordered by the
inclusion ordering, though the quasi-ordering,
S  T iff S \ T ∈ I(δ)
is the one which S(δ) inherits when its members are viewed as representatives of elements of the
quotient algebra B(δ).
Let G(δ) denote the following infinite game with perfect information
I S0 S2 · · ·
II S1 S3 · · ·
where S0 ⊇ S1 ⊇ S2 ⊇ S3 ⊇ · · · forms an infinite decreasing sequence of elements of S(δ) and
where we proclaim player II a winner if
∞⋂
i=0
Si = ∅.
Recall that a compact cardinal is regular cardinal δ with the property that every δ-complete filter
of subsets of some δ-complete field of sets extends to a δ-complete ultrafilter on that field of
sets. Clearly, the first infinite cardinal ω is compact. The existence of a compact cardinal other
than ω is an important higher axiom of infinity that has been extensively studied over the last 50
years or so (see [16]). Our interest in this cardinal is based on the following fact whose proof is
deferred until Section 5.
Lemma 1.1. If δ is a compact cardinal then player I does not have a winning strategy in the
game G(δ).
From now on we fix a regular uncountable cardinal θ and assume that there is a regular
cardinal δ > θ for which player I does not have a winning strategy in the game G(δ) when we
restrict player I first move to subsets of
Sθ (δ) =
{
x ∈ [δ]<δ: x ∩ θ ∈ θ}.
We let Fθ (δ), Iθ (δ) and Sθ (δ) be the restrictions of F(δ), I(δ) and S(δ), respectively, on the
power-set Sθ (δ), and we let Gθ(δ) be the corresponding restriction of the game G(δ). This allows
us to have for every S ∈ Sθ (δ) a well-defined projection
S  θ = {x ∩ θ : x ∈ S},
a subset of θ . Since Sθ (δ) is simply the collection of elements of S(δ) that are included in one
of its particular elements Sθ (δ), Lemma 1.1 show that player I does not have winning strategy
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elements of Sθ (δ) such that
∞⋂
i=0
(Si  θ) = ∅.
We consider Mθ(δ) as a metric space with the first-difference ultra-metric.
Lemma 1.2. Mθ(δ) is a Baire space.
Proof. For a given finite decreasing sequence T of elements of Sθ (δ), set
N ( T ) = {S ∈ M(δ): S end-extends T }.
The sets of the form N ( T ) form a standard basis for Mθ(δ). Thus, to show that Mθ(δ) is a Baire
space it suffices to show that Empty player E does not have a winning strategy in the version
Banach–Mazur game on Mθ(δ) where both players play the basic-open sets (see [25]):
E N (S0) N (S2) · · ·
N N (S1) · · ·
Thus each Si is a finite decreasing sequences of members of Sθ (δ) and Si is properly end-
extended by Sj whenever i < j . Therefore, the union S of the sequence { Si} is an infinite
decreasing sequence of elements of Sθ (δ). We proclaim the Nonempty player N to be the winner
of the run if the sequence S they formed belongs to Mθ(δ). Let τ be a strategy for E in this
version of the Banach–Mazur game. Let
S∗θ (δ) =
{S ∈ (Sθ (δ))<ω: S is decreasing}.
Clearly we can consider E and N as playing members of S∗θ (δ) rather than the corresponding
basic-open sets. Thus, we can consider the strategy for E as a function
τ :
(S∗θ (δ))<ω → S∗θ (δ),
with the property that τ(S1, . . . , S2k+1) extends S2k+1 whenever S2k+1 extends τ( S1, . . . , S2k−1).
Using τ we describe a strategy τ ∗ for the player I in the game G(δ). We start by
τ ∗(∅) = S0n0 = the last term of S0 = τ(∅).
If II responds with T1 ⊆ τ ∗(∅), we let N play S1 = S0T1 and define
τ ∗(T1) = S2n2 = the last term of S2 = τ
(S1).
If II responds with T3 ⊆ τ ∗(T1), we let N play S3 = S2T3 and define
τ ∗(T1, T3) = S4n the last term of S4 = τ
(S1, S3)4
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choice of δ this could not be a winning strategy for I in G(δ), so there is run
I T0 = τ ∗(∅) T2 = τ ∗(T1) · · ·
II T1 T3 · · ·
of G(δ) in which I uses the strategy τ ∗ but II wins. In other words, there is x ∈ [δ]<δ such that
x ∈ Ti for all i. From the definition of τ ∗ we infer that
E S0 = τ(∅) S2 = τ(S1) · · ·
N S1 = S0T1 S3 = S2T3 · · ·
is a run of the Banach–Mazur game in which E uses the strategy τ. From the relationship of τ
and τ ∗ we also infer that T2i is the last term of the sequence
S2i = τ(S1, . . . , S2i−1).
Let S be the infinite decreasing sequence of members of Sθ (δ) formed by taking the union of the
sequence { Si} of finite sequences. Note that {T2i+1}∞i=0 is an infinite subsequence of S = {Si}∞i=0
and that
x ∩ θ ∈
∞⋂
i=0
(T2i+1  θ) =
∞⋂
i=0
(Si  θ).
This shows that S belongs to Mθ(δ) and therefore that N wins this run of the Banach–Mazur
game. So, τ is not a winning strategy for E. This finishes the proof. 
For α ∈ θ, let
Nαθ (δ) =
{
S ∈ M(δ): α = min
( ∞⋂
i=0
(Si  θ)
)}
.
The following fact is immediate.
Lemma 1.3. For all α ∈ θ, the set Nαθ (δ) is nowhere-dense in Mθ(δ).
For A ⊆ θ, set
NAθ (δ) =
⋃
α∈A
Nαθ (δ).
Lemma 1.4. For all A ⊆ θ, the set NAθ (δ) is a Baire subset of Mθ(δ).
Proof. Let A be a given subset of θ and let N (S0), be a given basic-open subset of Mθ(δ). Let
S0n be the last term of the finite decreasing sequence S0, and let0
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{
x ∈ S0n0 : x ∩ θ /∈ A
}
and T1 =
{
x ∈ S0n0 : x ∩ θ ∈ A
}
.
If T0 ∈ Sθ (δ) thenN (S0T0) is a basic open subset ofN (S0) disjoint from NAθ (δ). If T1 ∈ Sθ (δ),
then N (S0T1) is a basic open subset of N (S0) contained in NAθ (δ). So, if we let U to be the
union of all basic-open subsets of Mθ(δ) that are included in NAθ (δ), the difference NAθ (δ) \ U
is nowhere-dense. This shows that NAθ (δ) is a Baire subset of Mθ(δ). 
The following summarizes the contents of Lemmas 1.2, 1.3, and 1.4 and is related to a clas-
sical problem of Kuratowski about sets of continuities of Baire-measurable functions between
complete metric spaces (see [8,19,20]).
Theorem 1.5. The space Mθ(δ) is a Baire metric space which admits a partition Nαθ (δ) (α ∈ θ)
into nowhere-dense subsets with the property that the union of any subfamily of the partition has
the property of Baire.
This sort of decomposition have been previously known even in the class of complete metric
spaces using considerably smaller large cardinal (see [8]). However, the decompositions of Theo-
rem 1.5 appear to be first such decompositions into small numbers (like, for example, θ = ω1) of
nowhere-dense sets. These numbers do matter as they allows us to relate Mθ(δ) to small spaces
as the following typical application shows.
Theorem 1.6. For every uncountable separable metric space L there exists a dense Gδ-subset
M of M(δω1) and a continuous nowhere constant map from M into L.
Proof. Choose an f :M(δω1) → L such that f is constant on each Nα(δω1) and such that
f
[
Nα(δω1)
]∩ f [Nβ(δω1)]= ∅ whenever α = β.
Then f is a Baire-measurable map, so there is a dense Gδ-subset M of M(δω1) on which f is
continuous. 
Remark 1.7. Note that when L is a set of reals, using the fact that M(δω1) is an ultrametric space
one can find a Baire subspace M of M(δω1) such that the image of every nonempty open subset
of M has no relatively left-isolated nor relatively right-isolated points.
2. Spaces that are universally meager
Recall that a subset A of a topological space X is universally meager if for every Baire space
Y and continuous nowhere constant map f :Y → X the preimage f−1(A) is meager in Y . The
purpose of this section is to prove a theorem to be used later in analyzing the norm fragmentabil-
ity of certain subsets of function spaces C(K) which satisfy the Namioka generic continuity
requirement. Note that if a topological space (X, τ) is fragmented by a metric ρ on X then an
arbitrary subset A of X can be written as the union of a continuous well-ordered chain W of its
relatively τ -open subsets such that the ρ-diameter of the difference of two consecutive members
of W is smaller than a given  > 0. Thus, in particular, there will be long such chains, at least as
long as the density of the metric space (A,ρ). The following fact shows that every universally
meager set will have a similar property.
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nal δ. Then the cardinality of L is equal to the supremum of lengths of well-ordered chains of
open subsets of L.
Proof. Let θ0 be the supremum of lengths of well-ordered chains of open subsets of L. Working
towards a contradiction, we assume that θ = |L| > θ0. Going to a subspace we assume that in
fact θ = θ+0 . We shall find a nonempty Baire subspace XL(δ) of L×Mθ(δ) for which the projec-
tion map into L is nowhere constant contradicting the assumption that L is universally meager.
The construction is inspired by some arguments of Krom [18], Frankiewicz and Kunen [8] and
Namioka and Pol [24] who were constructing their Baire spaces under the assumption of the
existence of a precipitous ideal on ω1.
From Lemma 1.1 we know that player I does not have a winning strategy in the game G(δ)
played on the family S(θ). For a given regular uncountable cardinal θ , in the previous section,
we were restricting this family below its particular member Sθ (δ). In the present proof we make
a restriction to a slightly smaller set
Tθ (δ) =
{
x ∈ [δ]<δ: θ0 ⊆ x and x ∩ θ ∈ θ
}
,
though we still keep the same notation Fθ (δ), Iθ (δ) and Sθ (δ) for the corresponding restrictions
to Tθ (δ) rather than introducing new symbols. One of the reasons for going bellow Tθ (δ) is
that the restricted ideal Iθ (δ) is now θ -complete, i.e., closed under unions of families of size
< θ . This is so because, given a sequence of mappings fξ : (γξ )<ω → γξ (ξ < θ0) with γξ < δ
for all ξ < θ0, we take γ = sup{γξ : ξ < θ0} and form f : (γ )<ω → γ which incorporates all
these mappings in the sense that f (ξ, ξ0, . . . , ξn−1) = fξ (ξ0, . . . , ξn−1) holds for all ξ < θ0 and
(ξ0, . . . , ξn−1) ∈ (γξ )<ω . Then, we have that
Cf ∩ Tθ (δ) ⊆
⋂
ξ<θ0
Cfξ .
Having these objects fixed, we start our construction by assuming that our space L lives on
the set of ordinals < θ, i.e., that L = (θ, λ) for some topology λ on θ. For S ∈ Sθ (δ) and U ∈ λ,
let
S(U) = {x ∈ S: x ∩ θ ∈ U}.
This allows us to define a derivative ∂ :Sθ (δ) → Sθ (δ) as follows:
∂S = S ∖⋃{S(U): U ∈ λ and S(U) ∈ Iθ (δ)}.
Thus ∂S is obtained from S by removing all sets of the form S(U) (U ∈ λ) that belong to the
θ -complete ideal Iθ (δ). Note that since L is assumed to contain no well-ordered chains of open
sets of length θ we are really removing from S a set that belongs to Iθ (δ). It follows that ∂S ≡ S
modulo Iθ (δ), and so in particular, ∂S belongs to Sθ (δ). Note also that ∂(∂S) = ∂S.
Recall that Mθ(δ) is the metric space of all decreasing sequences S = (Si)i<ω of elements
of Sθ (δ) with nonempty intersection with the first difference metric. Consider the following
subspace of Mθ(δ),
M∗θ (δ) =
{S ∈ Mθ(δ): ∂Si = Si for infinitely many i}.
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XL(δ) =
{
(ξ, S) ∈ L×M∗θ (δ): ξ ∈
∞⋂
i=0
(Si  θ)
}
.
The basic-open sets of the space M∗θ (δ), which is clearly a dense subspace of Mθ(δ), are obtained
by taking the restrictions
N ∗(S0, . . . , Sn) =N (S0, . . . , Sn)∩M∗θ (δ)
of basic-open sets of Mθ(δ). Thus, a natural basis for the product space L × M∗θ (δ) are the sets
of the form V ×N ∗(S0, . . . , Sn) where V is an open subset of L. Note the following property of
these sets,
XL(δ0)∩ V ×N ∗(S0, . . . , Sn) = ∅ iff Sn(V ) ∈ Sθ (δ). ()
To see this, suppose the intersection on the left-hand side of () is nonempty and pick an element
(ξ, S) in it. Find k  n such that ∂Sk = Sk, then
ξ ∈ V ∩ ((∂Sk)  θ),
and so Sk(V ), and therefore Sn(V ), must belong to S(δ). Conversely, suppose that Sn(V ) be-
longs to Sθ (δ) and let T = ∂(Sn(V )). Then
T = (S0, . . . , Sn, T ,T ,T , . . .) ∈ M∗θ (δ).
Pick also ξ ∈ T  θ ⊆ V . Then (ξ, T ) belongs to the intersection on the left-hand side of ().
Claim 1. The space XL(δ) is a Baire space.
Proof. It suffices to show that the Empty player does not have a winning strategy in the following
version of the Banach–Mazur game on XL(δ):
E V0, S0 V2, S2 · · ·
N V1, S1 V3, S3 · · ·
Thus, Vi ’s form a decreasing sequence of nonempty open subsets of L, Si ’s form a strictly end-
extending sequence of finite decreasing sequences of elements of S(δ0) and the corresponding
basic open sets Vi ×N ∗(Si)∩XL(δ0) are nonempty. The player N wins such a run of the Banach–
Mazur game iff the infinite sequence S = {Si}∞ı=0 formed out of Si ’s belongs to M∗θ (δ) (i.e.,
∂Sk = Sk for infinitely many k’s), and if
( ∞⋂
Vi
)
∩
( ∞⋂
(Si  θ)
)
= ∅.
i=0 i=0
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proof of Lemma 1.2, we are going to transform it into a strategy τ ∗ for the player I in the game
G(δ). Let (V0, S0) = τ(∅) and let
τ ∗ = ∂(S0n0(V0)),
where S0n0 is the last term of the sequence S0. Note that by (), the set S0n0(V0) as well as its
derivative belong to S(δ). Suppose II plays T1 ⊆ T0 = τ ∗(∅) in S(δ). Using () again, the pair
(V0, S0T1) is a legal move for N in the Banach–Mazur game. Thus we have the τ -answer
(
V2, S2
)= τ(V0, S0T1)
and so we can form the corresponding τ ∗-answer
τ ∗(T1) = ∂
(
S2n2(V2)
)
,
where S2n2 denotes the last term of the sequence S2. Using () again, we conclude the derivative
τ ∗(T1) belongs to S(δ), so τ ∗(T1) is a legal move for I in the game G(δ). It is clear that we also
have τ ∗(T1) ⊆ T1. Suppose that II responds with T3 ⊆ T2 = τ ∗(T1). Then by (), (V2, S2T3) is
a legal move for N in the Banach–Mazur game so we obtain the τ -answer
(
V4, S4
)= τ(〈V0, S0T1〉, 〈V2, S2T3〉).
Then we let
τ ∗(T1, T3) = ∂
(
S4n4(V4)
)
,
where S4n4 is the last term of the sequence S4, and so on. It is clear that this defines a strategy
τ ∗ :Sθ (δ)<ω → Sθ (δ) for I in the game G(δ). From Lemma 2.1 we conclude that τ ∗ cannot be a
winning strategy, so there is a play
I T0 = τ ∗(∅) T2 = τ ∗(T1) · · ·
II T1 T3 · · ·
in which I uses τ ∗ but II wins. So there is x ∈ [δ]<δ such that x ∈ Ti for all i. From our description
of τ ∗ we know that there is a corresponding play
E 〈V0, S0〉 = τ(∅) 〈V2, S2〉 = τ(V1, S0T1) · · ·
N 〈V1, S0T1〉 · · ·
of the Banach–Mazur game in which E plays according to τ . Thus, we know that
T2i = ∂
(
S2in (V2i )
)
for all i,2i
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T2i  θ ⊆ V2i for all i, and so
∞⋂
i=0
(T2i  θ) ⊆
( ∞⋂
i=0
(Si  θ)
)
∩
( ∞⋂
i=0
V2i
)
,
where S = {Si}∞i=0 is the infinite decreasing sequence of elements of Sθ (δ) formed by taking the
union of the end-extending sequence
S0, S0T1, S2, S2T3, . . .
of finite sequences. Note that
x ∩ θ ∈
∞⋂
i=0
Ti,
so the play of the Banach–Mazur game is won by the player N. This shows that τ cannot be a
winning strategy for E and finishes the proof of Claim 1. 
Let f :XL(δ) → L denote the projection map.
Claim 2. The map f is not constant on any nonempty open subset of XL(δ).
Proof. It suffices to show that f is not constant on a nonempty open set of the form
XL(δ)∩
(
V ×N ∗(S0, . . . , Sn)
)
.
From () we know that Sn(V ) belongs to Sθ (δ), so we can pick two distinct points ξ0 and ξ1
in its derivative ∂(Sn(V )). Pick two disjoint open subsets V0 and V1 of V such that ξi ∈ Vi for
i = 0,1. Then from the definition of the derivative we know that Sn(V0) and Sn(V1) both belong
to Sθ (δ). Applying (), we infer that
XL(δ)∩
(
V0 ×N ∗
(
S0, . . . , Sn, Sn(V0)
))
,
XL(δ)∩
(
V1 ×N ∗
(
S0, . . . , Sn, Sn(V1)
))
are two nonempty basic open subsets of XL(δ)∪ (V ×N ∗(S0, . . . , Sn)) with disjoint projections
to L. It follows that f is not constant on the given basic-open set XL(δ)∩ (V ×N ∗(S0, . . . , Sn)).
This proves the claim. 
The two claims finish the proof of Theorem 2.1. 
Now, the following problem suggests itself.
Problem 2.2. Find an internal characterization of the class of universally meager spaces valid
under the assumption that there is an arbitrarily large compact cardinal. Find out whether in this
context the class of universally meager spaces coincides with the class of σ -scattered spaces.
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lem (4) of Haydon’s paper [11] with a comment that it seems excessively optimistic to think the
answer might be affirmative. The problem (5) of the same paper [11] ask if this could be true
in the class of separable metrizable spaces. We shall give a positive solution to this problem of
Haydon [11] even without the separability restriction. To achieve this we need to restrict the σ -
field Fω1(δ), the σ -ideal Iω1(δ), the family Sω1(δ), and the game Gω1(δ) on the power-set of
the set [δ]ω . We shall use the notation F rω1(δ), Irω1(δ), Srω1(δ), and Grω1(δ) for these restrictions,
respectively. We shall see in Section 5 that the following analogue of Lemma 1.1 is still valid.
Lemma 2.3. If δ is a compact cardinal different from ω then player I does not have a winning
strategy in the game Grω1(δ) played on Srω1(δ).
To state our result in a more general form, recall that a topological space L is said to be left
separated if there is a well-ordering <w of L with all initial segments {ξ ∈ L: ξ <w η} closed
in L.
Theorem 2.4. If there is a strongly compact cardinal other than ω, every universally meager
space X with a point-countable base is left-separated.
Proof. We first show that if δ is a cardinal with the property that player I does not have a win-
ning strategy in the game Grω1(δ) played on Srω1(δ) then every universally meager space L of
cardinality smaller than δ is left-separated provided it has a point-countable basis. The proof is
by induction on the cardinality of L. We may assume that L = (γ, τ ) for some ordinal γ < δ and
some topology τ on γ . Let
T = {x ∈ [δ]ω: x ∩ γ = x ∩ γ },
where the closure is taken with respect to the topology τ of L. We claim that our assumption that
L is a universally meager space yields that T must belong to the σ -ideal Irω1(δ). To show this we
assume T ∈ Srω1(δ) and construct a nowhere constant map from a Baire space into L. Let B be a
point-countable base of L and let Bα (α < γ0) be a fixed enumeration of B with no repetitions,
where γ0 is some ordinal less than or equal to γ . Choose an arbitrary map f :γ<ω → γ such
that for all ξ ∈ γ,
{α < γ0: ξ ∈ Bα} =
{
f
(
ξ (n)
)
: n ∈ ω},
where ξ (n) denotes the sequence of length n all of whose terms are equal to ξ and where of
course ξ (0) = ∅. Let Cf = {x ∈ [δ]ω: f [x<ω] ⊆ x}. Then [δ]ω \Cf ∈ Irω1(δ) so the intersection
T ∩Cf is still a member of Srω1(δ). Note the following property of every x ∈ T ∩Cf ,
(1) every B ∈ B that contains some point of the closure x ∩ γ must be equal to Bα for some
α ∈ x ∩ γ0.
To see this, note that B must in fact intersect x ∩ γ and therefore the unique ordinal α < γ0 such
that B = Bα belongs to a set of the form {α < γ0: ξ ∈ Bα} for ξ ∈ x. Since every such a set is
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For U ∈ τ and S ⊆ T ∩Cf in Srω1(δ), let
S(U) = {x ∈ S: ξx ∈ U}.
This gives a way to define the following notion of a derivative that connects the topological space
L and the family of members S of Srω1(δ) that are included in T ∩Cf ,
∂S = {x ∈ S: (∀α ∈ x ∩ γ0) [ξx ∈ Bα → S(Bα) ∈ Srω1(δ)]}.
Note that S \ ∂S is equal to the diagonal union of the sequence {Nα: α < γ)} ⊆ Irω1(δ), where
Nα = S(Bα) if S(Bα) ∈ Irω1(δ) and Nα = ∅, otherwise. It follows that S \ ∂S ∈ Irω1(δ), and
therefore, ∂S ∈ Srω1(δ), Using the property (1) one easily concludes that ∂(∂S) = ∂S, for every
S from Sω1(δ) included in T ∩Cf . As before, having defined the derivative operation, we set
M∗ω1(δ) =
{S ∈ Mrω1(δ): S0 ⊆ T ∩Cf and (∀∞i) ∂Si = Si},
where as before Mrω1(δ) denotes the metric space of all decreasing sequences S = (Si)∞i=0 ⊆
Srω1(δ) such that
⋂∞
i=0 Si = ∅. This leads us to the following subspace of the product space
L×M∗ω1(δ),
X =
{
(ξ, S) ∈ L×M∗ω1(δ): ξ ∈
∞⋂
i=0
{ξx : x ∈ Si}
}
.
Working as in the proof of Theorem 2.1, one shows that X is a Baire space and that its projec-
tion into L is nowhere constant contradicting our assumption that L is universally meager. This
finishes the proof of our claim that the set T belongs to the σ -ideal Irω1(δ).
It follows that there is f :γ<ω → γ such that no countable subset x of δ such that
f [(x ∩ γ )<ω] ⊆ x belongs to T . Choose an increasing sequence Γα (α < γ1) of subsets of γ
of smaller cardinality such that f [(Γα)<ω] ⊆ Γα for all α. It follows that in particular Γα is a
closed subspace of L = (γ, τ ) for all α < γ1. Applying the inductive hypothesis to each subspace
(Γα, τ  Γα) we get a well-ordering <α all of whose initial segments are closed relative to τ . This
leads us to a well-ordering <w of γ by letting ξ <w η if and only if either there is α < γ1 such
that Γα contains ξ but not η, or else ξ <α η for minimal α < γ1 such that Γα contains both ξ
and η. It is clear that <w is a well-ordering of γ with the property that all of its initial segments
are closed relative to the topology τ . This finishes the first part of the proof.
Consider now an arbitrary universally meager space L with a point-countable basis B and a
strongly compact cardinal δ = ω. For each ξ ∈ L, let (Bn(ξ)) be a fixed enumeration of {B ∈ B:
ξ ∈ B}. By Lemma 1.1 and the first part of the proof, for each K ∈ [L]<δ we can fix a well-
ordering <K of K and fK :K → ω such that for each ξ ∈ K , the set BfK(ξ) contains no η ∈ K
such that η <K ξ . Choose a δ-complete ultrafilter U on [L]<δ containing all sets of the form
{K ∈ [L]<δ: ξ ∈ K} for every ξ ∈ L. For ξ, η ∈ L, set ξ < η if and only if
{
K ∈ [L]<δ: ξ, η ∈ K and ξ <K η
} ∈ U .
288 S. Todorcevic / Advances in Mathematics 208 (2007) 274–298Similarly, define f :L → ω by the formula f (ξ) = limK→U fK(ξ). Note that since U is δ-
complete, the function f is well defined and <w is a well-ordering of L such that Bf (η) ∩{ξ ∈ L:
ξ <w η} = ∅ for all η ∈ L. It follows that L is left-separated. This finishes the proof. 
Corollary 2.5. If there is a strongly compact cardinal other than ω then every universally meager
metrizable space is σ -discrete.
Proof. Consider a universally meager metrizable space M and let d be a metric on M which
generates its topology. By Theorem 2.3 there is a well-ordering <w of M with all initial segments
{ξ ∈ M: ξ <w η} closed. For n ∈ ω, set
Mn =
{
η ∈ M: d(η, {ξ ∈ M: ξ <w η})> 2−n}.
Then each Mn is discrete and M =⋃∞n=0 Mn. This finishes the proof. 
In fact, one has a slightly more general conclusion than Corollary 2.5. In order to state it,
let us recall that a family B of subsets of some space Y is σ -point-finite if it can be decomposed
into countably many point-finite subfamilies. Clearly, every metrizable space has a σ -point-finite
base so the following result is stronger than Corollary 2.5.
Corollary 2.6. If there is a strongly compact cardinal other than ω then every universally meager
space with a σ -point-finite base is σ -discrete.
Proof. This follows from Theorem 2.4 and Lemma 2.6 of [6]. 
Combining Theorem 2.4 above and Theorem 2.2 of [6] we get the following conclusion.
Corollary 2.7. If there is a strongly compact cardinal other than ω then every universally meager
space with a point-countable base admits a closure-preserving cover by countable closed sets.
3. The principle of generic continuity
Recall that a topological space (X, τ) is fragmented by a pseudo-metric ρ on X, if for every
nonempty subset A of X and  > 0 there is U ∈ τ such that U ∩A = ∅ and ρ-diam(U ∩A) < .
If for every  > 0 we can find a countable partition X = ⋃∞n=0 Xn with the property that for
every n and A ⊆ Xn there is U ∈ τ such that U ∩A = ∅ and ρ-diam(U ∩A) <  then X is said
to be σ -fragmented by ρ. Clearly, countable unions of subsets of X that are fragmented by ρ is
σ -fragmented by ρ but there are spaces such as for example (c0,weak) that are σ -fragmented
by its norm but c0 is not the union of countably many norm fragmented subsets. These notions
show up naturally in many characterization theorems about differentiability and integrability in
the context of Banach spaces (see, for example [4]). They show also frequently in renorming
theory as well (see [3]). The basic problems about these notions are to characterize Banach
spaces X whose weak topology is σ -fragmented by the norm, to characterize Banach spaces X
whose weak* topology of X∗ is σ -fragmented by the dual norm, and to characterize compacta
K with the property that (C(K), τp) is σ -fragmented by the norm where τp denotes the topol-
ogy of pointwise convergence on K . The following result of Jayne, Namioka, and Rogers [13]
(see also [12]) shows that the principle of generic continuity will always be present in any such
characterization.
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ous metric ρ. Then for every continuous map f :Y → (X, τ) where Y is a Baire space, the
corresponding map f :Y → (X,ρ) is continuous at each point of a dense Gδ-subset of Y .
Recall that the famous theorem of Namioka [23] about separate versus joint continuity of
maps on products is saying that the conclusion of this theorem holds when (X, τ) = (C(K), τp)
and when Y is a complete metric spaces rather than just a Baire space. It is for this reason that we
shall say that a triple (X, τ,ρ) satisfies the Namioka generic continuity principle whenever the
conclusion of Theorem 3.1 holds. In the case (X, τ,ρ) = (C(K), τp,ρ∞) where ρ∞ is the metric
given by the supremum norm on C(K), we shall simply say that the compactum K is Namioka or
say that C(K) satisfies the generic continuity requirement. It turns out that the class of compacta
K for which (C(K), τp) is σ -fragmented by the norm is quite parallel in properties with the class
of compacta K satisfying the Namioka generic continuity principle(see, e.g., [22]). At some point
it has been conjectured that these two classes are actually equal (see [24, p. 2]). The first analysis
of this conjecture has been given in [11,24] with a special attention to the class of scattered
compacta K since in this case the function space C(K) has even more regularities. For example,
when K is scattered, the function space C(K) has the property that every continuous convex
function on C(K) is generically Fréchet differentiable (see [3,4]). The following result of Haydon
[11] (see also the proof of Lemma 2.1 of [24]) explains the condition of σ -fragmentability in this
context.
Theorem 3.2. The topology τp of pointwise convergence of C(K) for K a scattered compactum
is σ -fragmented by the norm if and only if the restriction of τp on the function subspace C(K,2)
of {0,1}-valued continuous maps on K is σ -scattered.
Proof. For the convenience of the reader we sketch the argument. The direct implication being
obvious let us concentrate on showing that if C(K,2) is σ -scattered then C(K) is σ -fragmented
by the norm. Note that our assumption immediately gives that the set C(K,V ) of all V -valued
continuous maps on K is σ -scattered for every finite set V of real numbers in place of 2 = {0,1}.
So for each such a set V , let C(K,V ) = ⋃∞i=0 Ci (K,V ) be a fixed decomposition such that
(Ci (K,V ), τp) is scattered for every i. Fix an  > 0. Let  be the countable collection consisting
of all finite sequences I = (Ik)nk=0 of closed intervals of lengths <  with rational end-points such
that I0 < I1 < · · · < In. For I = (Ik)nk=0 ∈ , let VI = {min(Ik): 0 k  n}. Note that since K
is a scattered compactum for every f ∈ C(K) there is I = (Ik)nk=0 ∈  such that
f [K] ⊆
n⋃
k=0
Ik.
Let If be the minimal such sequence in some fixed enumeration (Ij )∞j=0 of  and let χf ∈C(K,VIf) be determined by
f−1(Ik) = χ−1f
(
min(Ik)
)
for all 0 k  n.
Note that if for some f,g ∈ C(K) we have If = Ig and χf = χg then ‖f − g‖∞  . For a pair
i and j of natural numbers, let
X ij =
{
f ∈ C(K): If = Ij and χf ∈ Ci (K,VIf )
}
.
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B = {χf : f ∈ A} is a subset of the scattered space (Ci (K,VIj ), τp) there is G ∈ τp such that
G ∩ B has a single element χ . Then {f ∈ A: χf ∈ G} = {f ∈ A: χf = χ} is a relatively open
subset of A of norm-diameter at most . This finishes the proof. 
We also have the following result of Haydon [11] and Namioka and Pol [24] restated here
using our terminology.
Theorem 3.3. The function space C(K) over a scattered compactum K satisfies the Namioka
generic continuity requirement if and only of its function subspace C(K,2) with the topology τp
of pointwise convergence is universally meager.
Proof. For the convenience of the reader again, we sketch the argument. Only the reverse im-
plication requires an argument. If K fails to satisfy the Namioka generic continuity requirement
there would be an  > 0, a Baire space X and a continuous mapping F :X → (C(K), τp) be such
that the norm-diameter of the F -image of every nonempty open subset of X has norm-diameter
> . Consider the decomposition C(K) =⋃∞i,j=0X ij described in the previous proof. Since X is
a Baire space the F -preimage of some X ij is everywhere of second category in some nonempty
open subset of X. It follows, in particular, that no such X ij can be universally meager contradict-
ing the fact that it is homeomorphic to a subspace of some finite power of the universally meager
space (C(K,2), τp). This finishes the proof. 
It follows that the conjecture that the generic continuity requirements implies σ -fragmentabili-
ty in the context of function spaces over scattered compacta is just an instance of the general
problem of internal characterization of the class of universally meager spaces and, in particular,
to the problem whether this class of spaces, in fact, coincides with the class of σ -scattered spaces
(see Problem 2.2 above). So let us review some known facts about this instance of the problem.
It is known (see [2]) that every scattered compactum K of countable rank satisfies the Namioka
generic continuity requirement and, in fact, the topology of pointwise convergence of its function
space C(K) is σ -fragmented by the norm, so the first class to examine would be the class of
scattered compacta K such that K(ω1) is a singleton. Constructions of many known examples of
scattered compacta K with K(ω1) a singleton follow the following general procedure (see [9,14,
30]): One first constructs a family F of compact subsets of some typically metrizable space X
that is basic in the sense that it consists only of countable sets and has the property that C \ D
is compact for all C,D ∈ F . As the name suggests, the topology of ⋃F induced from X can
be refined by making every member of F open obtaining thus a locally compact space. We let
KF denote its one-point compactification. It is well known that standard recursive transfinite
constructions could produce us some interesting basic families F of compact sets of reals such
as the following example shows.
Theorem 3.4. For every set of reals A of size continuum there is a basic family F of compact sets
of reals such that ⋃F = A and such that the pointwise topology of C(KF ) is not σ -fragmented
by the norm.
We do not give the proof of Theorem 3.4 here as it involves rather standard arguments well
exposed in papers such as [9,14,28]. We should say however that the recursive diagonalization
that produces this family is slightly different from some of the previous ones which typically
S. Todorcevic / Advances in Mathematics 208 (2007) 274–298 291work under the additional assumption that the set A is analytic. We should also note that some
additional assumptions like the Continuum Hypothesis or its weaker form saying that there is
a subset of ωω of size ω1 which is unbounded in the ordering of eventual dominance in ωω
when added to these recursive constructions could produce us a basic family F whose union
is any given set of reals of cardinality ℵ1 such that the corresponding function space C(KF )
has its topology τp of pointwise convergence hereditarily Lindelöf and, therefore, very far from
being σ -fragmented by the norm (see [14] and [28, Chapter 1], respectively). In [24], Namioka
and Pol have examined when this construction lead to a function space C(KF ) that satisfies
the Namioka generic continuity requirement. Interestingly, they show that KF is a Namioka
compactum whenever the union A =⋃F is a universally meager set of reals. So they obtain an
example of a scattered Namioka compactum K whose function space (C(K), τp) is hereditarily
Lindelöf assuming the existence of a co-analytic set of reals of size continuum without a perfect
subset. In [29], a similar assumption is used in producing a compact scattered set K of Baire-
class-1 functions on some Polish space X whose function space C(K) satisfies the Namioka
generic continuity principle but its weak topology is not σ -fragmented by the norm. In [23,
p. 32], Namioka asks for a resolution of the relationship between the generic continuity and σ -
fragmentability of spaces of the form (C(K), τp) in the ‘standard set theory.’ We have one result
that bares on this question. It shows that if there are enough compact cardinals and if K is a
Namioka compactum then there is no so drastic discrepancy between the norm topology and
the topology of pointwise convergence of its function space C(K) as the one appearing in the
example of Namioka and Pol [24].
Theorem 3.5. If a function space C(K) is bounded by some compact cardinal and satisfies the
Namioka generic continuity requirement then the norm-density of every subset A of C(K) is
equal to the supremum of lengths of well-ordered chains of pointwise-open subsets of A.
Proof. Suppose that the norm density of A is bigger than the supremum θ0 of lengths of well-
ordered chains of relatively τp-open subsets of A. Going to a subset of A of cardinality still larger
than θ0, we may assume that for some  > 0,
‖x − y‖∞   for all x = y in A.
By Theorem 2.1 there is a Baire space Y and a continuous nowhere constant map f :Y →
(A, τp). If C(K) satisfies the generic continuity requirement, there would be a Gδ-subset G
of Y such that the mapping
f :X → (A,‖ · ‖∞)
is continuous at every point of G. So, in particular, there would be a nonempty open subset
U of A such that diam(f [U ])  /2. It follows that the image f [U ] must be a singleton, a
contradiction. This finishes the proof. 
Corollary 3.6. If a function space C(K) is bounded by some compact cardinal and satisfies the
Namioka generic continuity requirement then every pointwise hereditarily Lindelöf subspace of
C(K) is norm-separable.
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shown under the assumption of the existence of a precipitous ideal on ω1 that for every Namioka
compactum K , every hereditarily Lindelöf subspace of (C(K), τp) is norm separable.
Now, the following problem suggests itself.
Problem 3.8. Show that in the presence of sufficiently many compact cardinals, the Namioka
generic continuity principle captures norm-σ -fragmentability of the topology of pointwise con-
vergence in function spaces of the form C(K).
4. The principle of generic selection for function spaces on the unit interval
Recall that a topological space X is fragmented by some pseudo-metric ρ on X if every non-
empty subset of X contains a nonempty relatively open set of arbitrarily small ρ-diameter. We
say that X is fragmentable if it is fragmented by some metric on X. Recall that the class of Ba-
nach spaces E whose dual balls with the weak* topology are fragmented by the norm coincides
with the class of strong differentiability spaces of Asplund (see [1,3,4,27]). The requirement
that (BE∗ ,w∗) is fragmented by some metric (not necessarily the metric of the dual norm) has
more to do with the weaker Gâteaux differentiability rather than Fréchet differentiability of con-
tinuous convex functions (see [4]). For example, if (BE∗ ,w∗) is fragmented then every upper
semi-continuous compact valued map φ from a Baire space X into (BE∗ ,w∗) admits a selector
which is continuous on a residual subset of X, and this in turn implies that every continuous con-
vex function on an open convex subset U of E is Gâteaux differentiable at each point of some
residual subset of U . The exact relationship between these three requirements is still a widely
open problem (see [4, §§ 4 and 5]). The generic selection requirement is of course the one that
most remind us on the definition of universally meager sets. Its strength and therefore the possi-
bility that it actually captures the fragmentability of dual spaces depends heavily on the supply
of Baire spaces that can be related to those duals. In this section we examine a construction of
Kenderov, Moors and Sciffer [17] which points out the connection more clearly.
For a (dense) subset A of the open unit interval (0,1) let BVA[0,1] be the space of all func-
tions f : [0,1] →R such that f (0) = 0, f is right-continuous at points of (0,1) \A, and
Var(f ) = sup
{
n∑
i=0
∣∣f (xi)− f (xi−1)∣∣
}
< ∞,
where the supremum is taken over all finite sequences 0 = x0  x1  · · ·  xn = 1. We endow
BVA[0,1] with the total variation norm ‖f ‖ = Var(f ) and the topology τA of pointwise con-
vergence on A ∪ {1}. This turns out to be one representation of the dual of the function space
C[0,1]A, where [0,1]A is the ordered compactum obtained from [0,1] by doubling the points
of A. In this representation the topology τA corresponds of course to the weak* topology of the
dual spaces C([0,1]A)∗. Recall now that the fragmentability of the dual space of the form C(K)∗
is relatively easy to detect as it is equivalent to the fragmentability of the compactum K itself
(see [4, 5.2.7]). So, for K = [0,1]A we have the following equivalence (see [15,17]).
Theorem 4.1. (BVA[0,1], τA) is fragmentable if and only if the set A is countable.
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quirements in duals pairs of the form C[0,1]A and BVA[0,1] mean in terms of the choice of a
dense subset A of (0,1).
Theorem 4.2. The following are equivalent for every dense subset A of the unit interval (0,1):
(1) For every Baire space X, every upper semi-continuous compact valued map φ :X →
BVA[0,1] admits a selector that is continuous on a residual subset of X.
(2) The set of reals A is universally meager.
Proof. The implication from (1) to (2) has been established in [17]. The reverse implication
has essentially been proved in [15]. For this one uses the fact that x → 1[0,x] for x ∈ [0,1]
and x → 1[0,x) for the other double of an x ∈ A is a homeomorphic embedding of [0,1]A into
(BVA[0,1], τA). So assuming that A is not universally meager it suffices to construct a map
φ :X → [0,1]A violating (1). Choose a nowhere constant map f from some Baire space X into
A and define φ :X → [0,1] by
φ(x) = {1[0,f (x)),1[0,f (x)]}.
Assuming, which we may, that for every nonempty open U ⊆ X the image f [U ] has no relatively
right-isolated nor relatively left-isolated points, we easily conclude that the corresponding 2-
valued map φ :X → [0,1]A admits no selector that is continuous on a residual subset of X. This
finishes the proof. 
The following fact is an immediate consequence of Theorems 1.6 and 4.2.
Theorem 4.3. If there is a compact cardinal other than ω, the dual space BVA[0,1] has frag-
mented weak* topology if and only if it allows generic selection for upper semicontinuous
compact valued maps from Baire spaces.
We finish this section with the following natural problem.
Problem 4.4. Assume that there exist sufficiently many compact cardinals and investigate
whether the generic selection requirement captures either the fragmentability of the dual space
or the generic Gâteaux differentiability on a given Banach space.
5. Proof of Lemma 1.1
In this section we complete the proofs of main results of this paper by supplying a proof of
Lemma 1.1 which says that a standard large-cardinal axiom of set theory yields the existence
of sufficiently large cardinal δ for which the player I does not have a winning strategy in the
game Gθ(δ). This will be deduced from some well-known properties of the ‘stationary tower,’
a forcing notion that has found many other applications (see [21,31,32]).
Recall the definition of the field F(δ) and the ideal I(δ) of subsets of [δ]<δ that depend on a
bounded set of coordinates given above in Section 1. Thus, for every S ∈F(δ) there is an ordinal
o(S) < δ so that S does not depend on coordinates above o(S). Recall also that a boolean algebra
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elements of B and every positive b ∈ B there is 0 < c b such that
An  c = {a ∈An: a ∩ c > 0}
has size < δ for all n < ω. Our interest in this notion is based on the fact that many of the standard
large cardinals δ have the property that the quotient algebra
B(δ) =F(δ)/I(δ)
is weakly δ-distributive.
Lemma 5.1. If δ is a compact cardinal then the quotient algebra B(δ) is weakly δ-distributive.
Proof. As indicated above this result is a corollary of some basic facts about the stationary
tower. Since the result is not stated in [21,31] in exactly this form, for the convenience of the
reader we sketch the deduction. We give some detail only towards the proof that B(δ) is weakly
δ-distributive since the argument for Brω1(δ) is very similar. Choose a normal ultrafilter U on δ,
i.e., an ultrafilter with the property that
⋂
γ<δ(Xγ \ (γ + 1)) ∈ U whenever {Xα: α < δ} ⊆ U .
Let
W0(δ) = δ ∪ S(δ)∪MA(δ)∪PF(δ),
where MA(δ) denotes the collection of all maximal antichains of Sθ (δ) and where PF(δ) de-
notes the collection of all possibly partial functions of the form h :A→ δ for A ∈MA(δ). For
x, y ∈ [W0(δ)]<θ , we write x δ y if the set of ordinals x ∩ δ is an initial segment of the set of
ordinals y ∩ δ. For A ∈MA(δ), we let
S(A) = {x ∈ [δ ∪ δA]<δ: (∃S ∈A) [y = {h(S): h ∈ x}δ x and y ∩ o(S) ∈ S]}.
The basic fact here is that for every A ∈MA there is f : (δ ∪ δA)<ω → δ ∪ δA such that Cf =
{x ∈ [δ ∪ δA]<δ: f [x<ω] ⊆ x} is included in S(A). This fact, originally discovered by Woodin
[31] relying on the work of Foreman, Magidor and Shelah [7], is usually stated as saying that
every maximal antichain of the stationary tower up to a compact cardinal is semi-proper (see
[21, Corollary 2.5.21]; the corresponding lemma for Brω1(δ) is given in [21, Theorem 2.7.6]).
It follows that for every A ∈MA, the set XA of all γ < δ for which the restriction A  γ =
{S ∈ A: o(S) < γ } is a semi-proper maximal antichain of the corresponding quotient algebra
B(γ ) belongs to U . So given a sequenceAn (n ∈ ω) of maximal antichains of S(δ) and T ∈ S(δ)
we can find an inaccessible cardinal o(T ) < γ < δ such that the restriction An  γ is a semi-
proper maximal antichain of B(γ ) for all n. From now on we are going to work only in B(γ ),
and in order to simplify the notation, we write Aγn for the restriction An  γ , where n < ω. For
each n < ω we choose
fn :
(
γ ∪ γAγn )<ω → γ ∪ γAγn
such that Cfn = {x ∈ [γ ∪ γA
γ
n ]<γ : fn[x<ω] ⊆ x} is included in S(Aγn ). Using a standard book-
keeping device we incorporate these maps into a single map f :W0(γ )<ω → W0(γ ) which
moreover has the following properties:
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(2) for every i  n there is m > n such that for every t ∈W0(γ )n and A ∈MA(γ ), we have
that f (t0, . . . , tn−1,A, . . . ,A) = h where A is repeated (m− n) times and where h :A→ δ
is the possibly partial function defined by h(S) = f (t0, . . . , tn−1, S).
Start with an x0 ∈ [W0(γ )]<γ containingAγn for all n < ω such that f [(x0)<ω] = x0 and x0 ∩
o(T ) ∈ T . Since f incorporates f0 the restriction x0 ∩ (γ ∪γA
γ
0 ) belongs to Cf0 and therefore to
S(Aγ0 ). So there is S0 ∈Aγ0 such that y0 = {h(S0): h ∈ x0 ∩ (γ ∪γA
γ
0 )} is such that x0 ∩γ γ y0
and y0 ∩ o(S0) ∈ S0. Let x1 = f [(x0 ∪ {S0})<ω]. Then x1 ∩ γ = y0. To see this pick an ordinal
ξ ∈ x1 ∩ γ . By (1) there exist i  n and a sequence t = (t0, . . . , tn−1) ∈ (x0)n, such that ξ =
f (t0, . . . , tn−1, S0). Let h0 :Aγ0 → δ be the map defined by h0(S) = f (t0, . . . , tn−1, S). By (2)
there is m> n such that h0 = f (t,Aγ0 , . . . ,Aγ0 ) where Aγ0 is repeated (m− n) times. It follows
that h0 ∈ x0 ∩ (γ ∪ γA
γ
0 ), and therefore ξ = h0(S0) ∈ y0, as required. It follows in particular that
x1 ∩ o(S0) ∈ S0. Starting now from A1 and x1 we find S1 ∈A1 such that x2 = f [(x1 ∪ {S1})<ω]
end-extends x1 and has the property that x2 ∩ o(S1) ∈ S1, and so on. This procedure will give us
an end-extending sequence xn (n < ω) such that their union xω is closed under f and has the
property that it belongs to the intersection T ∩⋂n<ω Sn. Since we could have also incorporated
inside f an arbitrary g :γ<ω → γ the set xω would also be closed under g. Choosing an injection
φn :Aγn → γ for each n < ω, this shows that the set
T ∗ = {x ∈ [δ]<δ: (∀n ∈ ω) (∃S ∈ φ−1n (x)∩An  γ ) x ∩ o(S) ∈ S}
belongs to S(δ). It follows also that An  T ∗ ⊆An  γ for all n < ω. This finishes the proof. 
Remark 5.2. Today we know that a considerably smaller cardinal suffices for the conclusion
of Lemma 5.1 and therefore for all the results of this paper that use compact cardinals. We do
not give an exact definition of this important large cardinal but instead refer the reader to the
literature [5,16,21,31,32].
The following fact also relies on the corresponding argument about the stationary tower (see,
e.g., [21, Chapter 2]) and provides the final step in the proof of Lemmas 1.1 and 2.3.
Lemma 5.3. If the quotient algebra B(δ) is weakly δ-distributive, then player I does not have a
winning strategy in the game G(δ). Similarly, if Brω1(δ) is weakly δ-distributive, then I does not
have a winning strategy in Grω1(δ).
Proof. Since the proofs of these two facts are almost identical, we concentrate only on the first.
Recall, that the game G(δ) is played between two players I and II which successively choose an
infinite sequence S0, S1, S2, . . . of elements of S(δ) and the player II is proclaimed a winner if
the intersection of this sequence in nonempty. So, let us suppose that
τ :
(S(δ))<ω → S(δ)
is a strategy for I in G(δ). This means that
τ(S1, S3, . . . , S2k+1) ⊆ S2k+1
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S2k+1 ⊆ τ(S1, S3, . . . , S2k−1).
Considering the members of S(δ) as representatives of the corresponding elements of the quo-
tient algebra B(δ), we can build a sequence {A2i}∞i=0 of maximal antichains of
B(δ)τ(∅) =
{
T ∈ B(δ): T  τ(∅)}
such that A0 = {τ(∅)}, A2i+2 refines A2i , and such that for every decreasing sequence {S2i}∞i=0
of elements of F+(δ) such that S2i ∈A2i for all i there exists a decreasing sequence {S2i+1}∞i=0
of elements of S(δ) such that
I S0 = τ(∅) S2 = τ(S1) S4 = τ(S1, S2) · · ·
II S1 S3 · · ·
is a play of G(δ) in which I uses the strategy τ . It is important that for all i, the maximal antichain
A2i+2 refines A2i in the sense that every member of A2i+2 is included in some (necessarily
unique) member of A2i . By our assumption that B(δ) is weakly δ-distributive, we find T ⊆ τ(∅)
in S(δ) such that Ai  T has size < δ for all i. For each i we fix an enumeration
Ai  T =
{
Siα: α < δi
}
for some ordinal δi < δ. Pick a limit ordinal ζ < δ such that ζ > o(T ) and such that for all i,
ζ > δi and ζ > o
(
Siα
)
for all α  δi .
Note that for a fixed i and α = β < δi, the sets Siα and Siβ are incompatible as members of B(δ)
and this in particular means that their intersection belongs to the σ -ideal I(δ). So for each i and
α = β < δi we can fix f iαβ : ζ<ω → ζ such that
Siα ∩ Siβ ∩
{
x ∈ [δ]<θ : f iαβ [x<ω] ⊆ x
}= ∅.
Consider now the diagonal intersection
C = {x ∈ [δ]<θ : f iαβ[x<ω]⊆ x for i < ω and α = β ∈ δi ∩ x}.
Recall that diagonal intersections like C always belong to the filter C(δ) since it is straightforward
to design a single map f : ζ<ω → ζ incorporating all the maps f iαβ ’s and therefore having the
property that Cf ⊆ C. The definition of C ensures that for all i
T iα = T ∩ Siα ∩C (α < δi)
is a family of pairwise disjoint subsets of T which almost covers T in the sense that the difference
between T and the union
T i =
⋃
T iα
α<δi
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so we can fix an element x from this intersection. It follows that for each i there is a unique
element α(i) < δ such that x ∈ T iα(i) (⊆ Siα(i)). Using the fact that f iαβ [x<ω] ⊆ x for all i < ω
and α = β ∈ δi ∩ x, we conclude that {Siα(i)}∞i=0 must be a decreasing sequence of elements
of S(δ). Note also that Siα(i) ∈ A2i for all i, so by the choice of the sequence {A2i}∞i=0 there
exists a decreasing sequence {S2i+1}∞i=0 of elements of S(δ) such that
I S0α(0) = τ(∅) S1α(1) = τ(S1) · · ·
II S1 S3 · · ·
is a play of G(δ) in which I uses the strategy τ . Note however that II wins this particular run of
the game since
x ∈
∞⋂
i=0
Siα(i) =
∞⋂
i=0
S2i+1.
So this run of the game shows that τ is not a winning strategy for I in G(δ) finishing thus the
proof of Lemma 5.3. 
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